Abstract-Influence of aggregate formation on rheological properties of concentrated suspensions is dis cussed and reviewed. Methods of Stokesian and Brownian dynamic simulations of aggregation are discussed and the results of simulations for both Brownian and non Brownian particles are presented.
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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ 1 1. INTRODUCTION Colloids are very important part of our everyday life. Technological processes in pharmaceutical, ceramic, food, mine industries, painting and coating as well as oil recovery often include processing and/or transportation of concentrated colloidal suspensions and emulsions and so their rheological properties become crucial for the performance optimisation.
Even for suspension composed of non interacting hard spheres (HS) i.e. that, where colloidal interac tions between particles are suppressed, rheological properties depend considerably on solid volume frac tion and particle size distribution [1, 2] .
At low solid volume fraction (dilute limit) every particle in suspension moves independently and sus pension viscosity can be found from the Einstein rela tion as (1) where η is the effective suspension viscosity, η 0 is the viscosity of the dispersion medium, and γ is the solid volume fraction.
As solid volume fraction grows, particles become involved in hydrodynamic interactions with each other resulting in the increase of viscosity, which can be described by virial expansion: (2) where k 1 = 5/2 as in Eq. (1) . Second virial coefficient, k 2 , depends on the forces acting between particles and on the particle shape. For spherical particles with hydrodynamic interactions only k 2 = 6.2 [3] . Unfortu 1 The article is published in the original. 2) is rather limited as taking into account the second order term allows to estimate the viscosity of suspension with solid volume fraction up to 0.15-0.2 with error 10% or higher [4] .
After certain threshold solid volume fraction (ca. 0.25 for HS suspension [5] ) suspension becomes non Newtonian liquid with viscosity dependent on shear stress/rate imposed. Suspensions composed by hard spheres demonstrate mainly a shear thinning behav iour and dependence of viscosity on the shear stress is represented by Newtonian plateau at low shear fol lowed by shear thinning and further by second plateau at high shear stresses [2, 5] . The values of low and high shear viscosity can be calculated according to Dough erty-Krieger equation [5, 6] :
where γ max is the maximum solid volume fraction cor responding to the viscosity divergence and [η] is the intrinsic viscosity. Both γ max and [η] should be consid ered as fitting parameters with value of [η] being close to 2.5 and γ max for low shear viscosity being smaller than that for high shear viscosity [6] . It is usually accepted that for the case of high shear viscosity γ max is equal to the close packing limit [2, 7] .
At high enough volume fractions (above 0.45) the shear thinning is followed sometimes by shear thick ening at further increase of the shear rate [1, 8] .
Colloidal interactions between particles (either attraction or repulsion) result in an increase of viscos ity. Repulsive forces, either steric or electrostatic, sometimes are modelled through the increase of the effective radius of the particles and then using Eq. (2) [ ] max 0 max 1 ,
or (3). For Eq. (2) in this case and for Eq. (3) [2, 9] , where a is the particle radius.
Note, Eq. (1) is supposed to be valid for any parti cles size distribution. If, however, interactions between particles in suspension cannot be neglected, than par ticles size distribution should be taken into account. Polydisperse suspension has lower viscosity than mon odisperse one at identical solid volume fraction [10] [11] [12] [13] even if the mean particles size is kept constant [14] .
The most complicated situation occurs if attractive forces prevail in the system and particles aggregate in the primary or, especially, in the secondary potential well, because in the case of aggregated suspension the aggregates size distribution and the microstructure of suspension depend on the shear rate imposed [2, 7] . The aim of this review is to present the recent theoret ical and experimental achievements in the influence of cluster formation on the rheological properties of sus pensions, namely on the suspension viscosity as well as the methods of direct numerical simulations of the perikinetic and ortokinetic aggregation taking into account colloidal and hydrodynamic forces acting in the system. The paper is organised as follows. Section 2 dis cusses the effect of cluster formation on the suspen sion viscosity. Sections 3 and 4 describe correspond ingly the methods enabling modelling the cluster for mation in suspensions composed of submicron particles undergoing the Brownian motion and coarser particles, where Brownian motion can be neglected. Finally, conclusions are presented in sec tion 5.
CLUSTERING AND VISCOSITY OF CONCENTRATED SUSPENSIONS
If the attractive forces between particles prevail in a suspension, they cause the aggregation processes. The final aggregated state depends on the strength and range of interparticle forces, the properties of disper sion medium, temperature, the solid volume fraction and external forces acting on the particles in a suspen sion (gravity, electrical or magnetic fields, hydrody namic flows). If interactions between particles are strong enough, the solid volume fraction is large and external forces provoking the breakage of bonds between particles (for example shear stress) are absent or small enough, then gel like structures possessing visco elastic properties are formed [2, 7] . Otherwise the suspension is composed of clusters of particles and demonstrates predominantly liquid like behaviour. Therefore its rheological behaviour can be character ised quite adequately through the steady state viscosity. This case will be considered below.
( )
Clusters usually have a fractal structure with power law dependency of mass on the radius of aggregate (4) where m is the mass of cluster, R g is the gyration radius, 1 < d f < 3 is the mass fractal dimension [15] [16] [17] . The smaller is d f the looser is the cluster. Obviously, the vol ume of cluster is larger than the total volume of parti cles included in cluster. That means, the clustering results in an increase of the effective solid volume frac tion of suspension owing to dispersion medium entrapped inside the cluster and therefore one can expect an increase in the viscosity with the increase of the size of clusters as well as with the decrease of mass fractal dimension.
The clusters size can be controlled, for example, by variation of concentration of coagulant (dispersant). It is confirmed experimentally that while keeping con stant solid volume fraction and shear rate imposed, the viscosity of suspension increases with the increase of the clusters size [18] [19] [20] . Direct microscopic observa tions of clusters performed in [21] during the viscosity measurements also confirmed this tendency.
As mentioned above, for flocculated suspensions the size, shape and structure of clusters and, therefore, the effective solid volume fraction as well as effective friction coefficient depend on the shear rate imposed. The increase in the shear rate results in formation of smaller and more compact aggregates due to both breakage and rearrangement processes [23] [24] [25] , i.e. effective solid volume fraction decreases with the increase of the shear rate. The low shear rate plateau can be absent in weakly flocculated suspensions, as in this case the breakage of aggregates resulting in the decrease of the effective solid volume fraction begins already in the beginning of measurement [26] .
Note the system equilibration after change of the shear rate imposed requires certain time. Thus the thixotropic behaviour should be expected for floccu lated suspensions [9] . Indeed, thyxotropy has been observed in experimental studies on rheology of floc culated suspensions [18, 20] .
Often the behaviour of suspension composed of clusters is qualitatively similar to the behaviour of sus pension composed of hard spheres: viscosity demon strates pseudo Newtonian regions at low and high shear rates and shear thinning in between [9] . That is why the Dougherty-Krieger equation (3) can be applied to fit experimental data on the viscosity of flocculated suspensions with γ being now the effective solid volume fraction [7, 22] . Otherwise the concept of the effective maximum solid volume fraction can be used [18, 19] .
Below the applicability of Dougherty-Krieger Eq. (3) for calculation of viscosity of aggregated suspen sions will be discussed in details following [27] [28] [29] [30] [31] where consideration is based on the Bruggemann's
differential method for determination of effective properties of non homogenous media [32] .
Let us consider a suspension containing monodis perse spherical particles aggregated in clusters of vari ous size with n i being a number of clusters containing i particles and γ i,max being an averaged packing density of single particles inside clusters (γ 1,max = 1). Then the volume fraction of clusters containing i particles is
where V is the volume of suspension, V i is the volume of cluster, is the volume of the particle, a is the radius of the particle.
Note, γ i should satisfy the mass conservation con dition (6) where is the solid volume fraction in suspen sion composed by singlets only and N is the number of particles in the volume V.
It is assumed in [27] [28] [29] [30] [31] that the viscosity of the suspension is completely determined by the cluster size distribution and the viscosity of dispersion medium η 0 :
At low volume fraction, γ, function Ψ should obey Eq. (1), i.e.
(8)
where is the viscosity of disper sion medium, A i are deviations of friction coefficient of clusters from the corresponding value for single par ticle of the same diameter (A 1 = 1), further referred to as friction coefficients for the simplicity. The friction coefficients can be calculated using the theory pro posed in [33] .
To derive the expression for the suspension viscos ity in [27] [28] [29] [30] [31] some small number of clusters was marked randomly and the whole suspension was considered as a mixture of the marked clusters and dis persion medium containing the non marked clusters. The viscosity of suspension composed of marked clus ters was then compared to that given by Eq. (7) and ,max , , 1,2,3,...,
following equation for the suspension viscosity was derived:
where is the averaged resistance coeffi cient and is the averaged packing density.
If is assumed to be independent of volume con centration then Eq. (9) is reduced to
The solution of Eq. (10) is (11) Obviously (11) coincides with Dougherty-Krieger equation (3) with , but the physical mean ing of in Eq. (11) is the averaged packing density of particles in the clusters. Eq. (11) enables to provide the good fit of the available experimental data on the viscosity of concentrated suspension with the reason able parameters values (Fig. 1, [29] ).
The above consideration shows clearly that clusters formation has an essential effect on the properties of suspension, particularly on its rheological behaviour.
In quiescent suspension initially composed of sub micron particles the aggregation can occur due to Brownian motion. The most common and well under stood case of the cluster formation is the aggregation of particles in the primary potential well. The aggrega tion kinetics is then either diffusion limited [34] or reaction limited [35] depending on the absence or presence of potential barrier before the primary poten tial well. More complicated case is the formation of stable clusters in equilibrium with singlets. The review of experimental and theoretical results on this topic is given in [36] . In suspensions composed of coarse par ticles, where the Brownian motion is negligible, the aggregation can be the result of particles collisions due to differential sedimentation or imposed motion with the velocity gradient, for example shearing.
The numerical methods are widely used to study the aggregation processes in suspensions [37] . Below we consider in more details two of the most broadly used direct numerical methods: the Brownian dynamic simulations applicable for particles in the submicron range and the Stokesian dynamic simula tion for particles larger than 1 μm.
CLUSTER FORMATION IN SUSPENSIONS OF BROWNIAN PARTICLES: DIRECT NUMERICAL SIMULATIONS
In the Brownian dynamic method the dispersion medium is considered as continuous one with pre scribed macroscopic properties, such as density and viscosity. The motion of particles is described by the system of Langevin equations [38] :
where N is the number of particles in the system, is the mass of the particle (including the added mass), a is the particle radius, ρ p is the density of the particle material, ρ l is the density of the dispersion medium, U is the particle velocity with U 1 being the x component of velocity of first par ticle, U 2 being the y component of velocity of first par ticle and so on, ς ij stay for the element of the hydrody namic resistance matrix, F ij are the components of col loidal forces and represents the i th component of the Brownian forces, with f j being a random quan tity, normally distributed, with
The elements of matrices and are correlated through the fluctuation dissipation theorem [39] :
where k is the Boltzmann constant, T is the absolute temperature.
Equation (12) can be solved on the diffusion time scale as it is proposed in [39] . In this case simulations should be performed with the time step larger than the momentum relaxation time and random walk of particles in suspension is described by the set of equations (16) where D ij is the tensor of particles diffusion coeffi cients, R i is the random displacement due to Brownian force acting on the particle and superscript 0 stay for the values taken from the preceding time step. The imposed shear could be included in this approach as well [40] .
To simplify further the simulations based on Eq. (16) some authors neglect the hydrodynamic interac tions between particles and use scalar D 0 -the diffu sion coefficient of freely moving particle instead of tensor D ij [41] . The correctness of this approximation is, however, not obvious.
Another approach for numerical simulations based on Eq. (12) is proposed in [42, 43] , where the simula tions have been performed on the time scale and, therefore, inertial term in the left hand side of Eq. (12) was taken into account. In the A frameworks of this approach the particle velocity retains its physical meaning, i.e. the mean kinetic energy of particles becomes equal to the energy of thermal motion and so can be used as a control param eter assuring that there is no artificial pumping/sink ing of energy in the system during the simulation. The latter is crucially important for the direct simulation of reversible aggregation in order to provide the correct life time of the particles inside clusters.
In [42, 43] Brownian dynamics computer simula tions of reversible aggregation in 2D colloidal suspen sions were performed on the base of Eq. (12) allowing for Brownian, hydrodynamic and colloidal forces and assuming pairwise additivity for all those forces, including hydrodynamic. The interactions with only nearest neighbours were taken into account. Interac tions of the particle with each of its nearest neighbours were considered separately in the local co ordinate system connected with the pair, whereupon all forces acting on the particle were summarised.
To model the colloidal interaction between parti cles, the simple dependency of colloidal force per unit area between two parallel flat surfaces, Φ(h), shown in Fig. 2a was adopted in [42, 43] . The latter however, represents the main features of the real force: the pres ence of both repulsion and attraction. The colloidal force between particles (Fig. 2b) was then calculated according to the Derjaguin's approximation [44, 45] .
The matrix of hydrodynamic interactions between two particles in the local coordinate system with x axis coinciding with the line connecting the particles cen tres used in [42, 43] was deduced as follows: (17) where (18) is the hydrodynamic resistance to the motion of a free particle whereas and , stay for hydrodynamic interactions between particles. At the small separation between the particles surfaces h ≤ 0.1a and were calculated according to the lubrication approximation according to [46] . The hydrodynamic interactions at separations h > 2.5a were neglected and the interaction forces for 0.1a ≤ h ≤ 2.5a were fitted providing a smooth transition between forces at h ≤ 0.1a and 0 at h = 2.5a. 
It has been shown in [42, 43] that the matrix of Brownian coefficients has the same form as the matrix of hydrodynamic coefficients: The components of random forces f i obeying Eqs. (18), (19) were modelled in numerical simulations as [47, 48] :
where dt is the time step used in computer simulations, R ND is a random number from a normal distribution with the mean value equal to zero and the variance equal to 1.
For validation of the mathematical model and numerical scheme, the value of diffusion coefficient of single particle and mean residence time of particle in potential well were found from the results of numerical simulations in [42, 43] . The simulation results have shown good agreement with corresponding theoretical values.
Direct numerical simulations of clustering in col loidal suspensions performed in [42, 43] have shown the considerable importance of colloidal and hydrody namic interactions on the aggregation kinetics and steady state cluster shape and size. The most impor tant result is that at moderate depths of potential well the clusters of limited size in the dynamic equilibrium with singlets appears in the system, with mean cluster size depending on the depth of potential well and the range of colloidal forces. An example of the simulation results on aggregation kinetics is presented in Fig. 3 . It shows that if potential well is deep enough (20kT) then the irreversible coagulation occurs in the system and aggregation number (mean number of particles in the cluster) steadily increases with time whereas the num ber of singlets decreases down to zero.
At weak colloidal interaction (the potential well depth 3kT) dynamic equilibrium establishes very quickly in the system. About a half of particles in the system remains free singlets and only small temporary clusters (mainly doublets and triplets) are formed. The mean aggregation number remains below 1.5.
When potential well depth increases to 6kT clusters become much more stable, the mean number of parti cles in the cluster increases to about 4. Still about 10% of particles remain as free singlets in this case. The particle rearrangement in the clusters was observed all the time over the duration of simulations. The snap shot pictures of clusters obtained in the course of numerical simulations for different potential well depths are presented in Fig. 4. 
STOKESIAN DYNAMIC SIMULATIONS OF SUSPENSION UNDER STEADY CONDITIONS AND UNDER SHEAR FLOW
If a suspension is composed of particles larger than 1 μm then the second term in the right hand side of Eq. (12) representing Brownian forces can be neglected and the simulations can be performed using the Stokesian dynamic method [49] . The results of Stokesian dynamic simulations of 2D concentrated suspension under shear flow are presented in [39] . The colloidal interaction were modelled in [39] using function F(h) similar to the real interaction curve having three intersection points with abscissa axis cor responding to equilibrium positions as [50] : (22) where h 1 , h 2 , h 3 -equilibrium positions in which the force is equal to zero; C -a constant depending on the particles sizes and physical chemical properties of components of dispersion.
The drag force on the free moving particle was cal culated in [39] according to Stokes law accounting for screening effect: (23) where U 0 is the undisturbed velocity of dispersion medium in the particle centre and k is the screening
coefficient allowing for a screening of one particle by another in the flow of liquid. In general k depends on the gap h between particles surfaces and on the ratio of radii of screening (a 1 ) and screened (a) particles. In [39] it was accepted that k = 0.3 in the case of screen ing and k = 1 otherwise.
Hydrodynamic interactions between particles were calculated in [39] :
( ) where β is coefficient of liquid slippage on the particles surface. The gravity and Archimedean forces were neglected in [39] .
Simulations performed in [39] for polydisperse sus pensions with particles radius 2.5-50 μm and 2D solid fraction 20-40% under static conditions (without shear imposed) have shown that if a potential curve of particles interaction has a single well expressed mini mum, the system is unstable and coagulates with for mation of the large and dense aggregates (Fig. 5) . At a certain relation between attractive and repulsive forces and in certain interval of 2D solid fractions (as a rule at 40%) the gel like microstructure is formed in sus pension (Fig. 6a) . The larger the depth of both primary and secondary potential wells, the more expressed is the cell structure in the suspension and the higher a rate of its formation. The structure can be easily destroyed, for example, by imposed vibrations (Fig.  6b ), but it recovers after vibrations is terminated (Fig.  6c) , i.e. dispersion demonstrates thixotropic behavior.
Under dynamic conditions of imposed shear flow the simulations performed in [39] displayed the for mation of the layered structures (Fig. 7) observed ear lier in experiments [53, 54] . According to the simula tion results [39] the formation of layers and their struc ture depend considerably on the strength and the range of colloidal forces. Similarly to the static case, the layered structures formed under dynamic condi tions can be destroyed by supplying additional energy to the system in the form of external mechanic pertur bations (e.g. vibration).
CONCLUSIONS
Colloidal interactions between particles composing a suspension have a considerable influence on the sus pension properties. In particular, the rheological behaviour of suspension depends on its aggregation state. It has been shown that the viscosity of an aggre gated suspension can be described by the equation similar to well known Dougherty-Krieger equation with a parameter having a clear physical meaning of the averaged packing density of particles in the clus ters. Equation describes very well the experimental data available.
The direct numerical simulations using Brownian and Stokesian dynamic methods are a powerful tool for the study of aggregation processes enabling the comprehensive analysis of aggregation kinetics. In the case of Brownian particles the interplay between col loidal, Brownian and hydrodynamic forces results either in irreversible aggregation or establishment of dynamic equilibrium between aggregates and single particles. The formation of either large aggregates or gel like structures was found by Stokesian dynamic simulation on suspensions composed by large particles (> 1 μm) with large solid fractions under static condi tions. Formation of layered structures, similar to those observed in experiments, was predicted under dynamic conditions of imposed shear. 
